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MEASUREMENT UNCERTAINTY EVALUATION OF THE OBJECT
PLANIMETRIC COORDINATES USING THE RHO-THETA METHOD
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Abstract

Determining the planimetric coordinates of an object is a topical task of coordinate metrology, which finds application in
cartography, geodesy, location and navigation. The article considers the features of measurement uncertainty evaluation the
coordinates of an object on a plane using the rho-theta method. The measurement model is substantiated. Expressions for
estimating the numerical values of coordinates and their combined standard uncertainties are obtained. Expressions for estimating
expanded uncertainties using the kurtosis method are found. The uncertainty budgets for measuring the planimetric Cartesian
object coordinates are presented. Expressions for relative standard uncertainties in measuring coordinates are written and an
example of their evaluation for real metrological characteristics of measuring instruments of a base station is considered.
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1. Introduction

In cartography [1], geodesy [2], radio navigation
[3], radar [4], optical [5] and acoustic [6] locations the
problem of determining the coordinates of a desired
point (object) on a plane is widely used. Depending on
the measuring capabilities of reference stations (BS),
this issue is resolved by several methods: rangefinding
(tho-rho) [7], goniometric (theta-theta) [8], and
rangefinder-goniometric (rho-theta) [9].

The rho-theta method of measuring the planimetric
coordinates of an object considered in this article is
requires only a rangefinder and a goniometer installed
on one base station (BS).

This refers to active location methods, since
radiation from the BS is required to determine the range
to the object.

2. Substantiation of the measurement
model

The implementation scheme of measuring the
planimetric coordinates of an object by the rho-theta
measurement method is shown in Fig. 1.

The OX and OY axes form a right Cartesian
coordinate system, with the OY axis directed to the north.
The diagram shows a BS located at point Ops with
coordinates (x,y). Point P has the measurable
coordinates (xp,yp) .

The distance between the points Ops and P
(OBsP = p) is measured using the rangefinder installed
on the BS, and using the goniometer, the azimuth a is
counted from the direction to the north to the direction

to the object P.
Using the parameters p and a, the coordinates of

the object P (xp,yp)can be determined using the
expressions [2]:

Xp=x+psin(aa+93y); @)
Yp=y+cos(a+0y), (2
in which 8, correction that takes into account the

error of the basic station’s reference to the north
direction.

YA
yp

xp X
Fig. 1. Diagram of implementation planimetric coordinates
measurement by the rho-theta method

3. Evaluation of the measurands and its
measurement uncertainty

If the mathematical expectation of the correction

SN is taken to be equal to zero, then the values of the

measured quantities (xp,yp) can be estimated from

equations (1)-(2) by take the place into them of the
values x, y, p, & of the input quantities:

Xp=X+psin(Q) ; 3)

Jp=J+pcos(a). “)

The expression for the combined standard

uncertainty (SU) of coordinate measurement can be
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written, in accordance with the law of propagation of
uncertainty [10], as:

U (Bp) =12 () + G (P + ()1 (6) +12 ()], (5)

where u(%), u(p), u(&) and u(5y) are the standard

uncertainties of the corresponding input quantities;
¢,(xp)and c,(xp) are the corresponding sensitivity

coefficients, which can be obtained as:

& () = 22 sin (©)
op

cul6r) =22 = peosr. ™)
oo

Equally, it can be expressed the combined SU of
coordinate y» measurement:

U (Vr) =\/u2(f’)+05(yp)u2(f>)+C§(yp)[u2(&)+u2(31v)] . (8)

where u(P) is a SU of coordinate P measurement;

¢ (yp) ¢ (¥p)
coefficients, which are determined by the expressions:

and corresponding  sensitivity

oy R

o () = 22 = cos; ©)
op

ca) =27 = psing. (10)
o

The SU of measurement of the slant range p of an
object P is determined from the conforming boundaries
of the maximum permissible error (MPE) of the
rangefinder +0, under the assumption of a rectangular

probability density functions (PDF) of the measurement
error p within these boundaries:

u()=0,/3 . (11).

SU in measuring the location of a BS (%,)) are
10,,
attributing a rectangular PDF of these errors

determined from the boundaries of their MPEs
0,,
within the boundaries:

u(®)=0,/3;

(12);

u(3)=90,/3 .

In expressions (5), (8) u(&)

(13)

is the standard
instrumental uncertainty of azimuth o measurement
using a goniometer, which can be found through the
boundaries of the MPE error of the goniometer +6,

attributing a rectangular PDF of the instrumental error
within these boundaries as:

u(@) =0,//3 .

If the boundaries of the MPE of reference to the
direction to the north are taken to be equal to +0,,

then, attributing a rectangular PDF of the reference error
within these boundaries, the SU associated with this
error can be estimated as:

u(@y)=0,/+3. (15).

Since the SU of all input quantities were estimated
according to type B and were assigned a rectangular PDF,
the expanded uncertainties of coordinate (xp,yp)

measurement are best found using the kurtosis method [8]:
U(xp)=k(nJu(xp); (16)

U(yp) =km,)u(ir) , 0]

where the coverage factors for a confidence level of p
are calculated using the expression:

(14)

0,1085n* +0,1n+1,96, for p =0,95;

(18)
0,121° +0,In + 2,0, for p =0,9545,

k(m)= {

and the kurtosis of the PDFs for (xp,y,) are calculated as:

—12{c Gt () + et (el (@) +ut (B )l|-

= WA () F 19
12l (B)+ e ()l @)+ By )|
n = . 0)

u!(Vp)
In this case, the uncertainty budgets of the object
coordinate (Xp,J») measurements will have the form

given in Tables 1,2.

Table 1 — Uncertainty budget for the measurement of the X -coordinate

I‘nput Values SU of Qs Kurtosis Sensiti.vity Unce.rtaiflty
quantities (IQs) of 1Qs of 1Qs coefficients contributions
p p u(p) (11) -1,2 c(xp) (6) ¢ (xp)u(p)
x 3 u(®) (12) 12 1 u(®,)
a a u(@) (14) -1,2 ca(xp) (7) ca(X)u(dr)
B 0 u(dy) (1) 12 cu(xp) (7) Ca(Ou(y)
Measurand | Mot comvneasu | Mpmaeird | o | Bl
Xp X (3) u.(%p) (7) n. (19) k(n.) (18) U (16)
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Table 2 — Uncertainty budget for the measurement of the yp-coordinate
Values Kurtosis Sensitivity Uncertainty
1Qs of IQs SU of 1Qs of IQs coefficients contributions
p u(p) (11) -1.2 ¢ (yp) 9) ¢ (yp)u(p)
Y y u(y) (13) -1.2 ! u(y)
d u(&') (14) -1’2 Ca(yP) (10) Cot(yP)u(&‘)
o 0 u@) (1) | 2| ) A0 | e (pudy)
Measurand Measurand Combined SU Measurzfnd Coverage Expan(.led
value kurtosis factor uncertainty
Yp Vr(4) u.(yp) (8) n, (20) k(n) (18) U am
From expressions (5), (8) ome can write where @(5,)=u(,)/p; @(5,)=u(5,)/p are relative

expressions for the relative standard uncertainties of
coordinate (xp,y,) measurement:

i) = "C) _ (2 (%) 1 sin2 (@i () +
P

5., &,;

yo

of
a(p)=u(p)/p is relative SU of measurement p .
For the values p=1000 m and p=2000 m; 0,=1.5

standard uncertainties corrections

+cosz(d)[u2(&)+u2(SN)]}°’5 el m 0,=6,=1.8 m; 0,=0.6 mrad; 0,=0.1 mrad; given
U)o o in [11], the dependences #(Xp)and () on a were
. (yp) = b =1 () +cos* () (p) + obtained, shown in Fig. 2.
+sin2(6)[u(6) +u? (5117, (22)
i, (xp) i, (Vp)
0,0012 0.0012
0,0009 0,0009
0.0006 f——t—="F—""T " == — 00006 ——==— | L —==="
0,0003 0,0003
0 0
0 30 60 90 120 150 o.° 0 30 60 90 120 150 o,°
a) b)

Fig. 2. Dependences #(x,) (a) and @(p,) (b) on a for p=1000 m (—) and p=2000 m (——)

4. Conclusions

1. The preference of the rho-theta measurement
method for determining the planimetric coordinates of
an object is the use of only one base station equipped
with a range finder and a goniometer.

2. Models for measuring the abscissa and ordinate
of the sought object using the range-angle method are
obtained based on the constructed scheme for its
implementation.

3. For the proposed measurement models,
expressions for standard uncertainties in measuring the
coordinates of an object by the rho-theta measurement

4. It was shown that it is reasonable to use the
kurtosis method to estimate the expanded uncertainty in
measuring the coordinates of an object by the rho-theta
measurement method.

5. The uncertainty budgets for measuring the
planimetric Cartesian object coordinates are presented,
which can be used as the basis for a computer program
facilitating the routine calculation of measurement
uncertainty.

6. The dependences of relative uncertainties in
measuring the object coordinates on the azimuth are

method were written and the sensitivity coefficients calculated for real metrological characteristics of
included in them were calculated. measuring instruments of a base station is given.
© Olesia Botsiura, Iryna Zadorozhna, Igor Zakharov, 2024 25
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OuiHIOBaHHS HEBU3HAYEHOCTiI BUMIPIOBAHb KOOPIAMHAT 00’ €KTY AaJIeKOMIPHO-KYTOBHUM METOAOM HA IUIOLMHI
Bomopa O.A., 3apopoxna [.M., 3axapos L.I1.

AHoTamuist

BusHaueHHs KOOpIMHAT 00'€KTa Ha IUIOLIMHI € aKTyalbHUM 3aBJaHHAM KOOPJMHATHOI METPOJIOTii, SIKe 3HAXOIHTh
CBO€ 3acTOCyBaHHs y Kaprtorpadii, reomesii, Jokamii Ta Hapiramii. ¥ cTarTi po3rIAAlOThCS OCOONUBOCTI OLIHIOBAHHS
HEBHM3HAYEHOCTI BUMIPIOBAaHHS KOOPAMHAT 00'€KTa Ha IUIOMINHI KyTOMipHO-JaIeKOMipHIM MeTooM. OGIpyHTOBaHO MOJIETb
BuMiproBaHb. OTpHMaHa IIpoLeAypa OLHIOBAHHS HEBH3HAUYEHOCTI BUMIPIOBAaHb aOCINCH i OpAMHATH 00 €KTy Ha IUTOLIWHI,
sIKa BKJIIOYAa€ B ce0Oc OI[IHKM YMCIIOBOTO 3HAYECHHS KOOPJHMHAT, IX CyMapHi CTaHAAPTHI HEBH3HAYCHOCTI Ta PO3MIMPEHi
HEBHU3HAYCHOCTI, SIKi OIIHIOIOTBCS METOAOM eKcieciB. HaBOAMTHCS MPHKIIA[ OLHIOBAaHHS BIAHOCHHMX CTaHAAPTHHX
HEBHU3HAYCHOCTEIl BUMIipIOBaHHs aOCLHCH 1 OpPIMHATH O0’€KTYy Ul peajbHHX METPOJIOTIYHHX XapaKTEPUCTHK 3aco0iB
BUMIPIOBaJIbHOT TeXHiKM 6a30BOi CTaHILT.

KurouoBi cjioBa: BUMIipIOBaHHS KOOPAMHAT; aJEKOMiPHO-KYTOMIPHUIL; OLIHIOBAaHHS HEBU3HAYCHOCTEH BUMipIOBaHb,
OI0/PKET HEBU3HAUCHOCTEH, METOT CKCIIECIB.
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