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Abstract. The article concerns the issues of using control charts to study the parameters describing the state of the products
in their production process. The identification of reliability of a decision is based on the assessment of disturbances occurring in
it is discussed. Using is the method proposed by Yevhen Volodarskyi, that was based on Bayesian approach. The influence of
measurement errors and their distribution of probability on the correctness of the decisions taken is considered. In the article two
estimations of conformity of technological process to the norms based on the results of its control are considered. The first
assessment is a-priori probability or reliability of the control result, which is performed before the control procedure and is based
on a-priori data about the process and measurement error. The paper proposes the use of the second assessment, namely the
posterior probability of compliance of the technological process with the norms. This assessment of compliance is performed
after the control result is obtained, when only half of the set of elementary events contributing to the occurrence of one of the
control results is left for evaluation. The use of this estimation allows doubling the statistical reliability of the control result
estimation. The effectiveness of assessing the compliance of the technological process with the standards established for the
uniform distribution of the values of its controlled parameters and their measurement errors is also determined.

Keywords: statistical process control, process quality control, measurement errors, statistical reliability of decisions,
conformity assessment, probability of Bayes, a-priori and a-posteriori probability, Python data modeling.

through comparison of process characteristics or
indicators with pre-defined requirements [9, 10]. Based
on the functional purpose of the product, standards are
established or calculated. Compliance testing is used to
determine the actual state of the product, that is,
whether it conforms to the standards [9, 11].

Quality assurance is based on creating quality
through the production process, not by inspecting its
results. The detected non-conformity is an event that has

1. Introduction

Product quality is determined by the conformity of
all technical parameters of the technological process to
predetermined norms and standards. In addition, to
ensure product quality, it is necessary to control the
conformity of manufactured products with the
requirements of these norms and standards. In
production, this control is carried out by measuring the

relevant characteristic parameters of the technological
process and the manufactured products.

Randomness of destabilizing factors leads to
dispersion of values of characteristic parameters of
products in production processes. The randomness of
the deviation of the parameters is based on the specific
theoretical law of distribution of the possible results [9].

Conformity assessment is all about gaining initial
information about a given process's current state

already occurred and cannot be prevented, so it is
always too late to inspect. However, the occurrence of
nonconformities can be prevented by proactive
management of process characteristics [9].

Assessment of compliance of technological
processes or manufactured products with the norms is
very often performed with the help of control charts
[12]. The use of the tool of control charts for conformity
assessment implies the absence of errors in the
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measurement results of characteristic parameters of the
technological process/product or the absence of
significant influence of measurement error. In fact, the
uncertainty of measurement results is present in real
measurements and is often not considered when
controlling production using control charts.

Ignoring the uncertainty of the measurement result
can lead to the fact that the qualitative assessment of the
state of the technological process/product may be false
and not correspond to the true state. Uncertainty of the
measurement result leads to uncertainty of decision
making about process/product compliance. This paper is
concerned with the study of a method to improve the
statistical reliability of the estimation of conformity of
the technological process to norms. The approach
considered was proposed by Prof. Ye. T. VVolodarskyi.

A priori probabilities based on facts that have been
confirmed over time are used as the initial information for
assessing compliance. Based on established knowledge
about the problem being modeled, the facts can be
evaluated. The initial information in the design of
information and measurement systems is the a-priori
probability of conformity assessment. These are related to
characteristics of technological procedure. In order to
obtain data on the progress of the process, a measurement
procedure is used that is known to be error prone. The
state of the technological process is adequately reflected
by the results of control and measurement operations if
the measurement errors are insignificant. Erroneous
decisions are absent in this case [9].

Issues related to the influence of systematic
additive measurement error, when it does not occur in
the production process, are considered in the monograph
[12]. It is assumed that the presence of a constant error
can be considered in the calibration of control charts
when determining the so-called empirical control limits.
An additive error in the law of distribution shifts the
control values of the technological process. Erroneous
decisions may occur regarding the process [9].

The article [13] examines the criteria for identifying
measurement errors during process control. Identifying
control points and their locations allows for identifying
measurement error impact at the start of process
disturbances. The subsequent phase in enhancing the
reliability of process control entails the consideration of
the impact not only of the additive component of
measurement errors but also of the multiplicative
component during the calibration of control charts [9].

A study [2-4] analyzed the probability and nature
of erroneous decisions with a real characteristic of
measurement transformation and considered also
methods to increase the reliability of decisions.

The likelihood of incorrect decisions based is on the
assumption that one event may happen, using the Bayes
approach to reduce the number of potential causes by
twofold. This increases the reliability of decisions [14, 15].

When taking into consideration the outcomes that
are tainted by bias, the corrections applied to decision
errors, the reproduction of the general population, and

the determination of the probability of a true positive
result, the primary advantages of the Bayesian approach
become evident [16]. The Bayesian approach estimates
event probabilities based on experimental data. It uses
prior knowledge to calculate probabilities of events [9].

2. Process quality control

In this paper we will consider the case when the
compliance of the technological process with the norms
is determined by one parameter x. This parameter is
characterized by the nominal value x,,,,,,, which ideally
should reproduce the parameter x and which is defined
by the standards for production.

During production, the controlled parameter's value
differs from its nominal value, varying across objects due
to production errors and unstable factors. These errors
result in random values, making compliance difficult
[17]. Limits x; and x, are placed on these values. A
conformity assessment procedure is performed to
determine if objects comply with the standard [18].

The paper assumes that the random variable of the
process parameter x has a uniform distribution law. The
permissible values of the characteristic parameter x are
defined by the production standards. Finding the value
of the parameter x in the range of permissible values
indicates that the technological process is normal and
complies with the standards for production:

X < x < xy Q)

where x;: lower boundary of the range of permissible
values of the characteristic parameter of the
technological process; x,,: upper boundary of the range
of permissible values.

The paper considers the case when the boundaries
of the range of permissible values (1) are symmetric

with respect to the nominal value x,,, = % In

addition to the permissible values of the parameter x,
which are allowed by the norms in the production, the
value of the parameter x can go beyond the permissible
range (1) and accordingly take values inadmissible by
the standard. Let's assume that all possible values of the
characteristic parameter of the technological process x
belong to the range of possible values with lower
boundary x,,;, and upper boundary x,,,,,., respectively:

Xmin =x< Xmax- (2)

In addition, we assume that the limits of possible
values (2) of the parameter x are also placed
symmetrically with respect to the nominal value x,,,,.
Let's introduce a value which characterizes the length of
the interval of permissible values N = x,, — x;. Also, let
us introduce H = X,0m — Xmin = Xmax — Xnom» Which
characterizes the half-range of the range of possible
values of the parameter x. Fig. 1 shows the graphical
representation of the entered values and the
corresponding permissible and possible range of values
of the parameter x.

© Kozyr Oleh, Warsza Zygmunt L., 2025

17



Metrology and Instruments
General metrology

1/2025

MeTponorisa Ta npunagu
BaranbHa MeTponoris

F 3

¥

0 xmfrr xJ' X

nom

-
X X

w max

>
%

H

Y
h

[
L

H

Fig. 1. Ranges of values of the characteristic parameter x of the technological process

Process control involves measuring a characteristic
process parameter x and a measurement result z:

z = z(x).

3)

The result z of the characteristic parameter x
measurement is used to construct control charts.

As indicated in the extant literature, including the
works of experts such as [19], control charts have been
employed for a considerable period to evaluate the
conformance of technological processes to specified
standards. The nominal value of the characteristic
parameter is assumed when constructing the control
charts, provided that the technological process is in a
statistically controlled state [18]. As illustrated in Figure
2, this nominal value corresponds to the center line (CL)
on the graph. The nominal value undergoes -either
reproduction or calculation. The upper UCL and lower
LCL limits are relative to CL (see Figure 2). These lines
are referred to as "action lines."” These lines represent the
limits of the tolerance interval, i.e., the permissible
deviation and the characteristic parameter from the
nominal value. The tech process conforms to standards
(1) [20] because its parameter is in the tolerance interval.

Fig. 2 shows a control chart on which the
measured values z; (3) of a characteristic process
parameter x are plotted.

Fig. 2. Process control chart

On the other hand, over time the aging of the
production element base can lead to non-compliance of
the technological process with the norms, but in this
paper, we will be interested in the event of the process

fault occurrence at some point in time and the appearance
of the corresponding signal from the control chart.

For the sake of simplicity of mathematical
calculations, in this paper it was decided not to consider
that control charts are used for random processes
distributed beyond normal law.

3. Assessment of the result of process
control

Let's consider the influence of measurement error
on the measurement result on the basis of which decisions
about the state of the technological process are made. In
this paper we will consider additive random measurement
error y. Then equation (3) of the measurement result z of
the parameter x will have the form:

z=x+Yy. 4)

3.1. No measurement uncertainty

Assuming that there is no measurement error y = 0,
then the measurement result (4) will correspond exactly to
the value of the characteristic process parameter:

Q)

As a result of the conducted control, the researcher
decides about the state of the technological process. As
already mentioned for this purpose he uses control charts,
which are built on the measurement data of characteristic
parameters of the technological process. In the ideal case
of no measurement error, the measurement result
corresponds to the value of the technological process
parameter and the decision made corresponds to the
actual state of the technological process. In this case,
there are two possible outcomes of control:

e event A: the technological process is normal
and complies with standards,

e event A: the technological process is faulty
and does not meet the standards.

These outcomes constitute a complete group of
mutually exclusive events:

zZ = X.

(6)

And accordingly, the probabilities of these events
(6) satisfy the expression:

0, ={A,4}.

P(A) +P(A) =1. 7)

The event A will occur if condition (1) is met, i.e.
the measurement result z of the process parameter is

within the range of acceptable values. The event 4 will
occur if condition (1) is not met.
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The random nature of the parameter x change
leads to the possibility of calculating the probability of
occurrence of each of the possible events (6) when the
expression (7) is fulfilled. These events (6) are the same
both for the actual state of the process before the control
and for the result of the conducted control, due to the
absence of measurement error (5). The probabilities of
occurrence of events (6) depend only on the values of
the characteristic parameter x of the technological
process and the boundaries of the intervals (1-2), i.e. on
the state of the process itself.

The probabilities of occurrence of events (6) are
favored by the size of the corresponding interval into
which the parameter x value falls (Fig. 1). Therefore,
the probabilities of occurrence of events (6) are
proportional to the lengths of the corresponding ranges
(Fig. 1). To calculate the probabilities (7) for the
uniform law of distribution of the parameter x, it is
necessary to determine the sizes of the corresponding
ranges that favor events (6). The expression for
probabilities (7) is given in Table 1.

Table 1. Probabilities (7) of the occurrence of control results (6)

A

A

P(A) =P(x;<z<x,)

P(Z) =Pl(xmin <z < x) U (x, < Z < Xppar)]

P(A) = f “f 0dx

P(A) =f ' (x)dx+f " 0dx

Xmin

x,—x; N

Xy Xu
P(A)=j fl(x)dx=f ﬁdx= H H

X1 X1

P(4) = f Y f@dxt f T Oy =

Xmin Xu
J‘xl 1 Xmax 1
= ——dx + J. ——dx =
Xmin 2H Xy 2H
:xl — Xmin | X¥max — Xu — 2H - N=1 _i
2H 2H 2H 2H

P(A) =S, =hN = N
AT M TR

P(Z) = SZ = h(x; = Xmin) + h(Xpmax — %) =
:h(xl — Xmin T Xmax — xu):
2H-N __ N

= h(Xmax = Xmin — [y — X)) = BT YT

In this case, to calculate specific numerical values
of probabilities (Table 1), it is necessary to know the
corresponding distribution density f;(x) of the
parameter x. If the distribution law of characteristic
parameter x values is uniform and, accordingly, there

are limits of possible values of this parameter (1-2),
the probabilities of occurrence of control events (6)
will depend on the ranges of parameter x values,
which correspond to these events, and the value of
the probability density f; (x) of distribution (Fig. 3).

r()4 p(A) p(a) P(A)
<+ N >
h 4+
\ 2 -~
0 xmin XJ' nom xu Xmax X
< H |4 H »

Fig. 3. Probability density f; (x) of the parameter x distribution

The probability density f; (x) of distribution of the
characteristic parameter x of the technological process
on the basis of (Fig. 3) will be constant f;(x) = h. The
expression for calculation of the distribution density

f1(x) on the basis of (Fig. 3) and boundary values (1-2)
will have the form:

1 1 1

filx) =h= = =—.(8)

Xmax—Xmin  Xnom+H—(Xnom—H)  2H
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The values of probabilities (7) will be calculated
on the basis of integrals of probability densities for
integration ranges (1-2) and will have the form (Table
1). Using the probability density function of the
parameter x (8) we can obtain the corresponding
expressions of probabilities (7), the calculation of which
is presented in Table 1. As can be seen, the expressions
obtained correspond to condition (7).

On the other hand, the integral calculates the area
under the probability density f; (x) line and between the
boundary values (1-2). Under the uniform law, this
probability density f; (x) is described by a straight line
that is parallel to the parameter x value axis (Fig. 3). As
a result, the procedure for calculating the integral can be
replaced by calculating the areas of rectangles (Fig. 3)
P(A) =S, and P(A)=S; The corresponding
calculations are summarized in Table 1.

3.2. Presence of measurement uncertainty

The presence of uncertainty in the measurement of
characteristic parameters of the technological process
leads to the appearance of uncertainty in the assessment of
compliance of the technological process with the norms.

Measurement errors of the characteristic parameter
x of the technological process by real measuring devices
lead to the appearance of deviation of the measurement
result z of the parameter x from its actual value.
Therefore, the measurement result z will depend not only
on the parameter itself x (3), but also on the measurement
error y of this parameter. In this paper, we will consider
only the random additive error of measurement (4).

Let us assume in the paper that the random
measurement error y has a uniform distribution law
(Fig. 4) with probability density f,(y):

1
£O) =5 ©)
where u is the maximum value of the measurement error
fy

Fig. 4. Density distribution function of measurement
error

The presence of measurement error y leads to the
fact that as a result of control the decision made about
the compliance of the technological process with the
norms may diverge from the actual state of the process.
Thus, the result of the process control procedure leads to
the following elementary events:

e event B: the technological process is normal and
complies with the standards:

e event B: the technological process is faulty and
does not comply with the standards.

Since the measured value z should correspond to
the given norms (1), the calculations of the probability
of occurrence of events B and B coincide with the

expressions from Table 1. The integration ranges will
accordingly be the same as for x (Fig. 3).

Since the actual state of the technological process
(Tab. 1) may differ from the control result, the result is
combinations of elementary events, the set of variants of
which can be described by the following expression:

Q ={AB,AB,AB,AB}. (10)

The significance of each event (10) can be
characterized by:

e the AB control result corresponds to the actual
state that the process conforms to the norms,

e the AB control result corresponds to the actual
state that the process does not correspond to the norms,

o the AB result of the control does not correspond
to the actual state that the process is normal, but the
result of the control shows that the process does not
correspond to the norms,

o the AB result of control does not correspond to
the actual state that the process does not correspond to
norms, but in the result of control, the decision
corresponds to norms.

The outcomes (10) constitute a complete group of
mutually exclusive events (Table 2):

i P =1 (11)

The set of outcomes that lead to the occurrence of
events (10) are obtained by finding the values of the
characteristic parameter x of the technological process
and the measurement result z of this parameter during the
control of the technological process in the corresponding
ranges (1-2). Probabilities (11) of occurrence of events
(10) as a result of control will be proportional to the
intersections of ranges (1-2) that correspond to the
parameter x and the measurement result z (Table 2).

The probability density of the probability
distribution of the values of the control results z will be
a function of the densities of the characteristic
parameter x and the measurement error y: f3(z) =
f3(f1(x),f2(y)). In addition, it is necessary to consider
the joint densities of distributions f,(x, z) and f5(x,y).
The area of integration for finding probabilities (Table
2) will be the plane in coordinates x,z (Fig. 5).
Intersections of the ranges (1-2) give corresponding
rectangular plane geometric figures (Fig.5), the areas of
which are proportional to the probability of occurrence
of the corresponding event (10). The areas of geometric
figures that contribute to the occurrence of complex
events are estimated from Fig. 5.

The probability density f;(x) of the parameter x
value distribution and the density f;(z) of its
measurement result z are dependent, as well as the
corresponding events A and B, because of the dependence
of the measurement result on the parameter x (3). In
order to pass independent events, it is necessary to
substitute in the expressions in Table 2 instead of z its
definition from expression (4). After the mathematical
transformation, the probabilities from Table 2 will be
represented by the expressions given in Table 3.

20

© Kozyr Oleh, Warsza Zygmunt L., 2025



Metrology and Instruments
General metrology

1/2025

MeTponorisa Ta npunagu
BaranbHa MeTponoris

Table 2. Probabilities of occurrence of complex events (10)

A A
. P(AB) = P(4B) =
=Pl <x<x)0 (0 <2< %)) = p, (b =<l O B < 2= ) 0]
=4 =y
B P(AB) = P(AB) =
B | _ Py n( B (xl<s Jj j[xu): - b _p ([min € x <x] U [x, <% < Xppaae]) N
Xmin = 2 S XV X S 2= Xnax 21N (Xin < 2 < %] U [y < 2 < X))
z | z 4
A, Xrna
AB _
— = AB \ N
: ' : ' AB
L AR %/
. . /
i - 7
[ 7
-,
Ay Ay N
e o — o
‘-_:_‘-‘-_H_""_"‘-—-—-_.__AB s ‘\ \ \\
xlull xnuﬂ
0 X X, Xpom X X ;; 0 X X, Xoun X, Ko -._'(

Fig. 5. Integration areas for finding probabilities (Table 2)

Table 3. Probabilities of the occurrence of independent events (10)

A

A

PAB) =P [(x; <x<x)N(x <z<x))=
B =P <x<x)N0<x+y<x)=
=P <x<x)N(x—-x<y<x,—x)]

- ) _ ([xmin < x <x] U [y < x < xpax]) ﬁ] —
P(4B) = P, [ N <z<x) -
=p [([xmin =x< xl] U [xu <x= xmax]) ﬂ]:

4 N <x+vy<x)
=p [([xmin S x <x] U [x, <x < xpee]) ﬁ]
4 N —x<y<x,—x)

— <x< n
P(4B) = P, [ Cr < x <x,)
P[ (g <x<x)n _
3 n([xminSx+y<xl]u[xu<x+y5xmax]) B
P[ (i <x<x)N ]
3 n([xmin_xSy<xl_x]U[xu_x<ygxmax_x])

|

N (Domin <z2 <] U [x, <z < xmaxD] -

(Btmin < x <x)J U [, < < eI N -
N ([xmin <z < x] U [xy <2 < 20])

([xmin =x< xl] u [xu <x= xmax]) n ]

N ([xmin S x+y <] U [xy, <x+y < Xpax])

([xmin < x <x] U [y <X < Xppae]) N ]

N(pin —x <y <x;—x]U[xy, —x <y < Xppar — x])

P(AB) =P,

-

|

In the case of independent variables x and y for the
calculation of probabilities (Table 3), the areas of integration
for calculating the probabilities of complex events (10)
become more complicated. In addition to the boundary
values of the intervals introduced above, there appear

limiting functions passing through the boundary points (1-2)

In the case of uniform distribution laws of

independent random variables x and y, to calculate
probabilities (Table 3) we have the joint distribution
density f(x,y), which will be equal to the product of
distribution densities of the characteristic parameter
f1(x) and the additive measurement error f,(y):

Y =Xmin =% V= Xmax — X, V=X — X, fs(,y) = i) (). (12)
and Y =X, —X.
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The difficulty in calculating the probabilities of
occurrence of the outcomes of the control result (Table 3)
using the procedures of integration of the joint distribution
density (12) was related to the construction of the ranges of
integration of the probability densities of independent
random variables x and y, as well as integration of

YA

expression (12). Despite the fact that the areas of
integration (Fig. 6) of probabilities of occurrence of events
(Table 3) represent flat figures bounded by straight lines,
the determination of specific ranges of integration presents
some difficulty and requires a certain number of
computational operations to calculate integrals.

5 - — A X
: 7
SR A—— e /y/" -

N [ odh

P(AB)N |P(AB) 75
LCL "i,,ﬁ\

L +
) H

Fig. 6. Integration areas for independent quantities x and y from Table 3

Integration of the corresponding areas, which
contribute to the occurrence of events (10), for the entire
range of values x and y, involves certain difficulties,
which are associated with the shapes of geometric
figures. In addition, the measurement errors will have
the greatest influence on the assessment of compliance
of the technological process with the norms at the
boundaries of the range of acceptable values (1).
Therefore, it is expedient to evaluate the compliance of
the technological process with the norms at the
boundaries of the range of permissible values (1).

False alarm AB occurs because of the true value of
the parameter x, which is in the zone of permissible
values (1), possible values of the random variable y
(measurement error) are added during measurement and,
as a consequence, the value of the measurement result z
may be outside the area of permissible values. As a result,
the event B of the control result of the technological
process that it does not meet the norms occurs. Moreover,
the greatest impact of measurement error will be when
the characteristic parameter takes the value x = x,,. Thus,
there is a certain value 7, at which the impact of
measurement error y can be neglected. For a uniform
distribution law of the measurement error y (9), this value
can be taken as n = u. This value n can be used to
introduce additional control limits on both sides of the
boundary values (1). le. at values of characteristic
parameter of technological process equal to the boundary
values x = x; or x = x,, the measurement error will have
the greatest influence. The values of additional control
limits for the boundary values (1) are given in Table 4.

+

Table 4. Additional control limits

X =x X =Xy
r_ _ 1o _
X =X n, Xy = Xy n,
x| =x,+1. Xy =X, +1.

Introduction of additional control boundaries
allows to reduce the volume of control and measuring
operations without loss of statistical reliability of the
decisions made. Graphical location of additional
control boundaries (Table 4) in relation to the
boundary values of the interval of acceptable values
(1) is shown in Fig. 7.

The control limits are located symmetrically with
respect to the lower and upper LCL and UCL action
lines of the control chart, which corresponds to the
boundary value (1) of the range of permissible values

(Fig. 7).

o rcL P(a) UCL

A) = N i p(A)
\ \a

N\ /

P(

7

0 Xoin n n Xoom 1

XX % X', X,

H T H
Fig. 7. Introduction of additional control limits
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4. Assessing the plausibility of the result
of process control

In the article two estimations of the result of the
technological process control were used: a priori and
posteriori. A priori estimation of the control result
characterizes the reliability of the control result, i.e. the
conformity of the adopted decision to the actual state of
the process. This estimate is calculated before the control
procedure based on the known distribution laws of the
characteristic parameter x of the technological process
and measurement error y. In addition, the main source of
a priori information are standards and norms that are used
in industry for a given technological process.

A posteriori estimation of the control result
characterizes the plausibility of this result, i.e.
confidence in the accepted result or the probability of
making a correct decision. This estimation is performed
after the control procedure, when the control result is
known. In this case, two events occur as a result of
control: the process complies with norms B and does

not comply with the norms B. Each of these events is
favored by two events from the set of outcomes (10).
Thus, the event B is favored by events (10):

P(B) = P(AB) + P(4B). (13)

The event B is favored by the following events (10):
(14)

Thus, any control outcome (13-14) will be favored
by only two events (10). A posteriori estimation of the
control outcome (13-14) allows us to reduce the set of
possible events (10) by half and consider only those
events that favor it.

We will further consider the probability of making
a false decision on the compliance of the technological
process with norms. In other words, we will estimate the
probability of erroneous decisions:

o P(AB) probability of the false alarm,

o P(AB) probability of the undetected alarm.

The a-priori probability of occurrence of any of the
control outcomes (10) corresponds to the product of the
unconditional probability of one of the events by the
conditional probability of the other, provided that the
first event occurred (Table 5) [4].

Let us consider the reliability of estimation of the
control result of non-compliance with the norms B. It
takes place under the following circumstances [14]:

e The object actually complies with the norms A
(the technological process is in a statically controlled
state), and the evaluation result, after the measurement
procedure, carries false information. As a result, a
decision about non-compliance with the norms B is
made. That is, the influence of measurement error y
leads to the occurrence of false alarm the probability of
which is determined (Table 5);

e The object in reality does not correspond to the
norms A and as a result of evaluation the decision about

P(B) = P(AB) + P(4B).

non-compliance B is made, which correctly reflects its
functional state. That is, although the error y affects the
measurement result z, but there is no erroneous decision
(Table 5).

Table 5. A priori probabilities of conditional events
(13-14)

A A

B | P(AB) = P(A)P(B/A) | P(AB)=P(A)P(B/A)

|

P(AB) = P(A)P(B/A) | P(4B) = P(A)P(B/4)

In Table 5, in the expressions for determining the
probabilities of complex events (10), the conditional
probabilities of the following events are given:

e P(B/A) the correct conditional probability of
deciding on the conformity of the technological process
to the norms;

e P(B/A) correct conditional probability of
deciding about non-compliance of the technological
process with the norms;

« P(B/A) false conditional probability of deciding
that the technological process does not comply with the
norms, while it does comply with the norms;

o P(B/A) false conditional probability of deciding
that a technological process conforms to norms while it
does not conform to norms.

Multiplication of the absolute probability of an
actual compliance event by the conditional probability
of the process control outcome (Table 5) is the a-priori
probabilities of inconsistent events (10). For example,
P(A)P(B/A) is the a priori probability of a false alarm.

Let us perform a posteriori estimation of the false
decision probability for both events B and B using the
Bayesian approach. Let us evaluate the plausibility of the
obtained result. That is, consider what part of the false
outcome is present in the decision. Based on the probability
of the occurrence of the outcome B (13) and conditional
events (Table 5), we estimate what fraction of the false
decision (undetected alarm) is present in the result B (Table
6). Also, the fraction of false alarm in the decision B (14)
when considering the conditional events (Table 5), i.e. the
plausibility of this result, is given in (Table 6).

An undetected alarm, that is, the technological
process does not actually meet the norm A4, and the
solution, after the conformity assessment procedure, is
recognized as suitable B. But the evaluation result B
may appear when the object actually complies with the
norm A. Thus, in order to assess the plausibility of the
obtained result B of the evaluation of non-compliance
with norms, it is necessary to:

e estimate the a priori probability of an undetected
failure P(AB);

e estimate how much we can trust the obtained
result about suitability, i.e. to determine what part of the
erroneous decision as a result B.
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Table 6. A posterior probabilities of false decisions

B B
— _pP(aB) _  P(4B) ) — P(AB) _ P(AB) -
P(A/B) = P(B) _ P(AB)+P(4B) P(4/B) P(B)  P(AB)+P(4B)
p(A)P(B/A) _ 1 1 - P(A)P(B/A) _ 1 _ 1
P(A)P(B/A)+P(A)P(B/A) 1+%  1+kg P(A)P(B/A)+P(A)P(B/A) 1+£E:?+g//j§ 14k
K, = DADPEB/A e = PAVP(B/A)
B p(a)p(s/a)y B~ p(a)p(B/A)

The posterior probability P(A/B) represents
confidence in the result B obtained that the process
complies with norms or the posterior probability of the
plausibility of the compliance decision (Table 6).

The same applies to the posterior probability of
nonconformity ~ P(A/B), which evaluates the
plausibility of the decision on nonconformity (Table 6).
In Table 6, for the control outcome B in the numerator
is the absolute a priori probability of receiving a false
decision on nonconformity. In the denominator there is
the sum of probability of complex events forming the
outcome B. Thus, the probability P(4/B) shows what
share of the erroneous decision on non-compliance of
the technological process with the norms makes up in
the accepted decision B, i.e. corresponds to the
confidence in the obtained result of conformity
assessment.

The posterior probability as well as any probability
varies in range 0.1. Let's consider the limit values of
expressions for posterior probabilities (Table 5). Let's
consider for example the limit values of the posterior
probability of false alarm P(A/B) (Table 6):

o P(A/B) = 0 a-posteriori probability that there is
no false alarm, i.e. the technological process really does
not comply with the norms. This is possible when the

coefficient k5 tends to infinity limkﬁqm% =0. The

kz
coefficient  kz = ig’:g — oo tends to infinity,
limp(45)-0 % = oowhen the a priori joint probability

of false alarms P(AB) is zero;
e P(A/B) =1 the a posteriori probability of the
presence of a false alarm, i.e. the technological process

really complies with the norms. In this case, the

coefficient k5 will be zero 1k_ =1=>1+kz=1>

B

ks = 0. The zero value of the coefficient kz = i(Af) =
(4B)
0 is possible in case the a priori joint probability of non-
compliance of the technological process is equal to zero
P(AB) = 0.
The same can be said for the posterior probability
of undetected alarm P(A/B).

5. Plausibility estimation of the control
result in case of uniform distribution law

Reliability of process control is an assessment of
the possibility of occurrence of one of the four events
(10) of the process control result. This assessment is
an a priori estimate of the correctness of decision
making about the conformity of the technological
process to the norms (Table 3). This assessment allows
to analyze the probability of occurrence of false
outcomes in the result of control based on a priori
information about the distribution densities of the
characteristic parameter of the technological process
and random additive error of measurement.
Appropriate standards are also used to determine
integration ranges for calculating the corresponding
probabilities of complex events (Table 3).

The paper considers the procedure of estimation of
the influence of measurement error on the occurrence of
an erroneous decision as a result of control, namely
false alarm AB. In addition, due to the reasons
mentioned above, we will consider conformity
assessment for the upper boundary of the range of
permissible values x,,.

5.1. A priori probability of false alarms

A priori probabilities of false outcomes of the
control result (Table 3) are calculated on the basis of
integration of the ranges of values that favor the
occurrence of these false events (Fig. 6) using the
boundary values of the ranges of values of the
characteristic parameter and the measurement result
(1-2). Since the measurement error has the greatest
influence on the boundaries of the range of
acceptable values of the characteristic parameter of
the technological process, we will calculate the
probabilities of false events (Table 5) at the
boundaries of the acceptable range (1). Let's calculate
the a priori probability of false alarm P(AB) for the
upper boundary of the permissible range x,. In the
calculations we will consider the introduced
additional control boundaries (Table 4) to determine
the integration ranges of the probability density
function of the characteristic parameter distribution
(Fig. 8).
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Figure 8. Integration ranges of probability density (12)

It follows from Fig. 8 and Table 4 that under the
condition x < x;,, the probability of false failure can be
neglected. Only, starting from x > x;,,, it is possible that
the measurement result will be z > x,,, i.e. a decision of
non-conformity can be made. For this case, the
expression of the probability of making a false decision
about the non-compliance of the technological process
with the norms (Table 3) will have the form:

P(AB) =P/ <x<x )N, —x<y<+wp]=

:P3[(xu_.usxqu)n(xu_x<yg+.u)]- (15)

Let us reflect in the orthogonal coordinate system
the region where the intersection of the x and y regions
can lead to a false alarm (15). In Fig. 8, this region is
shaded with a right-hand slope.The area of the isosceles
triangle a b c in Fig. 8 corresponds to the false rejection.
This area allows us to determine the limits of integration
of the joint distribution density of the characteristic
parameter x of the technological process and
measurement error y (12). According to expression
(15), the a priori probability of false alarm will be:

P(4B),_ = [ G ([, f: 0dy)dx. (26)

Using the accepted distribution densities of the
parameter x and measurement error y (8-9) we calculate

the a priori probability (16):
Xu
P(AB)xu = f fi (%) ( f2 (y)dy) dx=
Xy—H Xy—X
fxu 1 (J-+u 1
= Py — dy) dx =
Xu—H 2H X 2”

= il () e

+u

17
The result of the calculations gave the expression

(17), which consists of the product of the constant ﬁ

- Xy +u
over the integrals fxu_u ( fxu_x dy) dx. Let us calculate
these integrals starting from the inner integral on y:

fx —x y Y|xu—x =p Xyt (18)

As a result of the solution of the inner integral on y
we obtain the equation of the straight line (18). This
equation is integrated by the external integral on x:

[t = ) e = =) [ de [ s

21X

X
—(,Ll - xu)xlxu Ii 2 = (,Ll - xu).u +
Xu—H

_2pP-2xypaxf-xfraxyu—p? _ pd
2 2’

X —Ceu—)? _
2

(19)

As a result of calculations of integrals on x and on
v (18-19) we obtained

fotu (Ll dy)ax =15

Thus, the a priori false alarm probablllty (16) as a
result of integrating the joint probability density
function over the ranges (Fig. 8) based on the obtained
expressions (17-20) will be as follows:

X + 1
L (% dy)dy= o
4Hp Yxy—p1 \Yxy—x 4Hu 2 8H

The calculation of the a priori probability of false
alarms or confidence of control using the joint
probability density integration procedure (12) was a
relatively simple procedure (21). The calculation of
other a-priori probabilities (Table 3) involves significant
difficulties in setting the ranges of integration of the
joint probability density function (12) and then
calculating the corresponding integrals. A simplified
calculation procedure is proposed in the paper.

The integration of the joint probability density
function (12) to find the a priori probabilities (Table 3)
will in all cases have a form similar to the obtained
expression (17). It consists of the product of the

constant E over the integrals (20). The a-priori
probabilities from Table 3 will differ only in the

expressions of the integration ranges of the joint
probability density function (12). Therefore, we take

(20)

P(AB) (21)
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expression (17) as the basis for all expressions for

calculating the a-priori probabilities (Table 3). Let us
introduce notations for the constant in expression (17):
1

= e (22)

When calculating the probabilities (Table 3), this
constant (22) will be always present. It remains to
calculate the integrals (20) for the remaining probabilities
from Table 3. Since the integration areas of the
corresponding probabilities (Table 3) are represented by
plane shapes (Fig. 8), and integrals are by definition the
areas under some curve, let us find the areas of these
integration areas. Let us calculate the area of the isosceles
triangle abc (Fig. 8) for the a priori probability of a false
alarm, since we have already calculated this probability
using integration. The area of triangle abc will be:

g = Cumme _ s Gummle u?
abc — 2 - 2 -

(23)

If we compare the expressions for the area of the
integration region of the false alarm probability (23)
with the results of calculating the integrals (20), we can
see that they are equal to each other. Thus, when
calculating a-priori probabilities (Table 3), we can
replace the calculation of integrals (20), with the
corresponding integration ranges, by the calculation of
the areas of the corresponding integration areas (Fig. 8).

As a result, the calculation of a-priori probabilities
(Table 3) can be represented by the product of the
constant L, which is the product of the values of the
probability densities of the parameter x and the
measurement error y, by the areas of the corresponding
integration region. In the case of a priori probability of
false alarm, this expression will have the form:

p— 2
P(AB), = LSap = ﬁ"? =2 (24)

Geometric interpretation of probabilities of
complex events (Table 3) are volumes of prisms (24),
the heights L of which are the same and are the product
of probability densities of random variables x and y,
and the bases are the areas of integration regions of
these probabilities Fig. 8.

The a priori probability of making a correct
decision about non-compliance of the technological
process with the norms (Table 3) on the basis of

expression (24) will look as follows:

—_— 1 4uH—-4uxy—u?
P(AB)xu = Ldeektmc = M-

4Hu 2

(25)

5.2. A posteriori probability of false alarms

Let us obtain expressions for estimating the
likelihood of the outcome of a false alarm of process
control. This estimate is quantitatively represented by
the posterior probability of a false alarm. According to
the Bayesian approach, the credibility of the decision
that the process is out of compliance, given that the true
state of the process complies, is presented in Table 6. In

Table 6, the expressions for calculating the posterior
probability are presented for calculating the total false
alarm probability. And since we consider the probability
of false alarm for the case of influence of measurement
error y on the measurement result z of the parameter x
at the upper boundary of the range of acceptable values
Xy, the expression of the posterior probability of false
alarm (Table 6) in this case will be:

P(AB)Xu (26)

P(A/B),,, = 3w, e,

In our case, when the laws are uniform (8-9), the
complex event probabilities (Table 3) correspond to the
prism volume (24-25) with height (22) and base areas
(23) according to Fig. 8. Accordingly, the value of the a-
posteriori probability of non-compliance of the process
with the norms can be written by the expression:

P(A/E)xu _ LSabc

LSabctLSpdektme

— Sabc (27)

SabctSbdektmc

To establish the plausibility of the erroneous
decision about the non-compliance of the technological
process with the norms (26), we will calculate the areas
of the bases of the corresponding prisms (27). We will
consider the area corresponding to the a priori
probability of erroneous alarm (23) and the area that
corresponds to the a-priori probability of making a
correct decision about non-compliance of the
technological process with the norms Sy ereme. Based
on the expression (27) we obtain:

o Sabc
P(A/B) =—"%¢
( / )x: Sabc +deektmc
©
S =—* (28)

w

. +4uH—412Mu—u2 T a(H-xy) "

By calculating the posterior probability
(plausibility) of making an erroneous decision (28), we
increase the probability of assessing compliance of the
technological process with the norms by performing a
statistical evaluation of the erroneous failure, i.e., we
clarify the erroneous failure. Like any probability,
expression (28) must fulfill the condition:

u
0 E-<1

(29)

Let us consider the extreme cases of condition
(28). When the a posteriori probability of making an
erroneous decision about the non-compliance of the
technological process with the norms is:

* P(4/B)_ =0 itis possible in the case when u =
0, that is, the absence of additive random measurement
error, and hence the absence of false rejection (21);

P(AE)X
% = 1 =
P(AB)xu+P(AB)xu
P(AB)Xu = P(AB)xu +P(AB_)xu and it is possible if
there is no probability P(AB) and means that in
expression (26) in the denominator the probability of

. P(A/E)xu = 1 in this case
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correct decision about non-compliance of technological
process with the norms P(4B), = 0, that s, it is a valid

case of false failure. Otherwise, we can say that the
probability  of the  non-compliance  process
asymptotically approaches zero.

Let us consider a numerical example of assessing the
plausibility of the decision made about the non-
compliance of the technological process with the norms,

i.e. the event B. As already mentioned, both false alarms
and actual non-compliance of the technological process
with the norms contribute to the occurrence of the event
B (14). For calculations we will use the obtained
formulas for calculating the a priori probability of false
alarm (24) and it’s a-posteriori probability (28). For the
uniform law of distribution of the characteristic
parameter of the technological process x and
measurement error y, the corresponding boundary
values (1,8-9) are specified. For convenience of
analysis, let us consider not the absolute values of these
boundaries, but those reduced to the value of the half
range H of possible values of the characteristic
parameter x. Let us introduce the following relations:
u

¢ == 6u relative additive error of measurement

reduced to the half range of possible values of the
characteristic parameter,

. %” = dx,, upper limit of the parameter reduced
to the half range of possible values of the characteristic
parameter.

Then, considering the introduced relations, let us
rewrite probability expressions (24) and (28) as:

P(4B), =%, (30)
and
J— _ 6#
P(A/B)M = e (31)

Let us introduce the length of the range of
unacceptable values h,, of the parameter x at the upper
boundary x,, reduced to the half range of possible values
H: 8h, =1 — §x,. Then, expression (31) will have the
form:

P(A/B), ==

Ton (32)

Let us consider the extreme cases for the expressions
of a priori (30) and posterior (32) probabilities, considering
that probabilities take values between 0 and 1. First
consider the extreme cases for eq. (30):

oP(AE)M =0 there is no probability of a false

alarm. This can be the case when there
s

measurement error P(AE)ﬂ =—=0=08u=0;

oP(AE)#= 1. The result obtained is a false

alarm. This can be the case in the following case
B) =3_ - K -
P(AB)”— ~=1=6u=8=_=8=u=8H.

Since the probability of false alarm is an a-priori

is no

estimate P(AE)”, it is not known in advance what the

outcome of the control will be. Therefore, when we
consider a priori probabilities, we deal with four
possible events (10).

Consider the marginal values of the posterior
probability of a false alarm (32). Since this estimation is
performed after the occurrence of a control event, in this

case the process non-compliance event B, two of the

four complex events (10) are favorable AB or AB. The
marginal values of expression (32) will be:

. P(A/E)# = 0. The obtained result B is caused

by the fact that the technological process is really

broken and the event AB is true. In this case
B) =% _ -0

P(4/B), = o = 0= 8u=0; ~
oP(A/B)# = 1. The obtained result B is a false

alarm. In this case P(4/B) = % =1>6u=

46h, =>4 =4(1 - 6x,) > p =41 (1-22) 5 p =

4(H — x,,). In absolute value of the error of measurement
in the length of the interval of unacceptable values h,,
will be % = 48h, = u = 4H8h,,. We can conclude that

in the case of a really false alarm, the value of the
measurement error should be 4 times the value of the
range of unacceptable values of the parameter x.

Let us consider a numerical example for given
measurement error at the level of 10%, i.e. 6u = 0.1.

Then the a-priori probability of false alarm will be

P(AB) =2£=0.0125,ie. 1.25%.
u 8

Let us consider how the a posteriori probability of
false alarm will change in accordance with the increase in
the value of the range of unacceptable values &§h,:

P(A/E)ﬂ = f(8h,). As we can see from (32) the value

&h, cannot be zero, because it would lead to an infinite
value of the posterior probability, and the value of the
probability cannot be greater than 1. This is logical,
because if there is no range of unacceptable values 6h,,,
the posterior probability has no essence, because even in
the presence of error, false alarm is still not possible. We
have already defined an expression for the range of
unacceptable values of the parameter x, so that the

posterior probability of a false failure is 1, i.e. §h,, = %”.
In the case of du = 0.1 the range value is 6h, = 54—“ =

% = 0.025. These are the minimum values of the range

of unacceptable values §h,, so that the concept of
posterior probability can be used. The maximum value of
the range of unacceptable values h, cannot be greater
than H. In this case 6h,, will be equal to 6h,, = 1, that is,
h,, = H. In other words, all values of the parameter will
be invalid. This is not practical value to use. For this
consideration, let's take the value 6h, equal to 6h, =
0.6. We obtain the values of posterior probabilities for
the range of values §h,, = 0.025 ... 0.6. The dependence

graph of P(A/E)# = f(8hy) is shown in Fig. 9.
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Figure 9. Posterior probabilities of false alarms

Let us study the influence of the reduced error su
on the dependence P(A/E)ﬂ = f(8hy), i.e., let us

consider the extended dependence P(A/E)u=

f(8hy,, Su) based on equation (32). Let us set the range
of error values Sy = 0.1...0.5. As a result, we obtain a
family of curves (Fig. 9).

The following conclusions can be drawn from Fig.
9. As the range of unacceptable values §h,, increases, the

probability of a false alarm P(A/E)u decreases. This
occurs due to the fact that the range of acceptable values
H of the characteristic parameter decreases and the
probability P(E)# increases accordingly. On the other

hand, the greater the value of measurement error §u, the
greater the probability P(A/E)# and, accordingly, the

lines of this probability shift upward and to the right,
which can be seen from Fig. 9. Thus, the use of a
posteriori probability or likelihood in estimating the state
of the process during the control procedure allows us to
refine the decision made. Namely, to clarify the
probability of making a false decision about non-
compliance of the object or process with the norms.

6. Summary and conclusions

This paper investigates the
imperfections of measuring instruments on

influence  of
the
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CTaTHCTHYHA OLiHKA HAIHHOCTI pillleHs MPO CTAH KEPOBAHOT0 TEXHOJIOTIYHOI0 MPoLecy HA OCHOBI miAX01y
€. BosionapcbKkoro
Oner Kosup, 3urmynt JI. Bapiiasa

AHoTauist.

VY cTaTTi pO3MIANAIOTHCS MUTAHHS BUKOPHCTAHHS KOHTPOJBHHMX KapT JUIS JOCTIIDKEHHS MapaMeTpiB, IO OMHCYIOTh CTaH
nponykuii B mpoteci ii BupoOHHUIITBa. OOrOBOPIOEThCS BU3HAYCHHS HATIHHOCTI PIIEHHS HA OCHOBI OLIHKH 30ypeHb, IO B Hil
BUHHUKAIOTh. PO3IIITHYTO BHKOPHUCTaHHS METOJY, 3alpoIIOHOBaHOTO €BreHoM BomomapchkuM, sikuit 6a3yeTses Ha GaleCiBCHKOMY
migxoxi. Po3rstHyTO BIUTMB MOXMOOK BHMIPIOBaHHS Ta iX pO3MOJUTy HMOBIPHOCTI Ha NMPaBIIIBHICTh NPUHHATHX pilleHb. Y CTarTi
PO3IIISIAIOTHCS ABI OLIHKY BiIOBIHOCTI TEXHOJIOTTYHOTO TIPOLIECY HOPMaM Ha OCHOBI pe3yJIbTaTiB Horo KoHTpoumo. Ilepia omiHka
— 1€ anpiopHa WMOBIpHICTh a00 HAIIMHICTD Pe3ysbTaTy KOHTPOIIO, sIKa BUKOHYETBCS Iepe]l MPOLETypPOr0 KOHTPOIIO Ta 0a3yeThest
Ha anpiOpHUX JaHUX PO MPOLEC Ta MOXHOLI BUMIpPIOBAaHHS. Y CTAaTTi HPOIOHYEThCS BUKOPHUCTAHHS IPYroi OL[HKH, a came
arocTepiopHOi HMOBIPHOCTI BiJMOBIOHOCTI TEXHOJIOTIYHOrO Mpouecy HopMmaM. LI oriHka BiIHOBITHOCTI BHKOHYEThCSA MicCHA
OTPHMAaHHS Pe3yIbTaTy KOHTPOIIO, KON AT OLIHKM 3aJIMIIA€THCA JIMIIE MONOBHHA HAOOPY €IeMEHTApPHHUX MOJIiH, IO CIIPUSIOTH
BHHUKHEHHIO OJHOTO 3 pe3yJIbTaTiB KOHTPOIIO. BukoprcTaHHs mi€i OIiHKY JO3BOJIAE MOABOITH CTATUCTHYHY JOCTOBIPHICTD OIIHKH
pe3ynbTaTy KOHTpOMIO. TakokK BH3HAYA€THCS E(EKTHBHICTH OMIHKM BiAMOBIJHOCTI TEXHOJIOTIYHOTO IIPOLECY BCTAHOBICHHM
HOpMaM PIBHOMIPHOTO PO3IOALTY 3HAUeHb Oro KOHTPOJIHOBAHKX ITapaMeTpiB Ta iX IMOXMOOK BUMipPIOBaHHS.

KorodoBi cioBa: ctaTuCTHUHHMI KOHTPOJb IPOIECY, KOHTPOJIb SIKOCTI IPOIECY, MOXUOKKM BHMIPIOBAHHS, CTaTUCTUYHA
JIOCTOBIPHICTh pillleHb, OI[iHKa BiINOBiIHOCTI, WMOBipHicTH baiieca, ampiopHa Ta amoctepiopHa WMOBIpHICTb, MOJCIIOBAHHS
nanux Ha Python.
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